In this paper, the kinematic synthesis of a four-link mechanism with rolling contacts is investigated. This mechanism comprises a two-fingered gripper and a grasped object. The synthesis equations used for motion generation and function generation are established. The number of free choices in design variables for the kinematic synthesis is also discussed. Furthermore, the optimization-based numerical technique is applied to solve the design equations. The optimized solutions are illustrated to discuss the kinematic states of the mechanism. It is also shown that the optimization-based method is effective in finding the admissible synthesis solution of the mechanism.
Introduction
The kinematic synthesis of hinged mechanisms has been studied extensively in connection with four-bar mechanism. Graphical and analytical methods have been established for solving the problem that is related to motion, path, and function generation [1] [2] [3] [4] . However, to our knowledge the kinematic synthesis of mechanism with rolling contacts received little attention in the previous literature. As shown in Fig. 1a , the mechanism is commonly used as gripping mechanism in industry. Usually, it is composed of two crank links, each may be pin-jointed to the ground link. While gripping action takes place, the two links, connected to one actuator via certain linkage, move simultaneously and hence are able to grip the object. The kinematic and static analyses of such mechanism have been well investigated by many researchers [5] . Chen [6, 7] examined the kinematic structures and the force analysis of such grippers. Vassura and Nerozzi [8] presented a study of object handling where a multi-finger gripping mechanism moved an object through various positions and orientations. They showed the possibility of manipulating the object from one position to another by coordinating the gripper's fingers in stages. We now consider the following situation. If the object is gripped by the two links and the contacts between the links are assumed to be pure rolling, the gripper and object form a four-link mechanism with one degree of freedom (Fig. 1b) . Therefore, a limited manipulation of the object can be achieved through the motion of the two cranks. Moreover, in certain application, the object may be jth position of the vector Z i α j angular displacement of link 3 β j angular displacement that the object rolls with respect to link 2 when link 2 rotates an angle φ j δ j δ j = R j − R 1 θ j angular displacement of link 4 φ j angular displacement of link 2 required to pass through several prescribed positions and orientations, or the motions of the cranks are related to each other in a specific manner to complete a given task. In the latter condition, for example, when a robot hand grips an object, the manipulation of the object may be subject to mechanical constraint embedded in the finger such that the angular motion of the finger segments must be controlled according to certain function. Under such circumstances, the mechanism designer is then required to determine the design parameters of the mechanism to meet with a given set of requirements. The kinematic analysis of the four-link mechanism with pure rolling pairs has been well studied by [9] [10] [11] or in the related field of multi-jointed dexterous hands design [12] [13] [14] . Nonetheless, not much literature could be found for the kinematic synthesis of such mechanism. Lee and Tsai [15] studied the synthesis of four-link mechanism for path generation. This work extends Lee and Tsai's work to investigate the syntheses of the mechanism for motion generation and function generation. First, the synthesis equations for the mechanism will be derived using the complex number expression. Then, the optimization method will be applied to solve the synthesis equations. It will be shown that the maximum number of positions that can be synthesized for motion generation is four and for function generation is five. Finally, four numerical examples will be used to show the results of synthesis.
Synthesis equations
To adapt to the scope of this work, the following assumptions of the mechanism are made.
1. The contact between the object and the link is pure rolling. 2. The object has a circular shape of known radius r .
The gripper-object mechanism with its link represented by vector segment can be now schematically described as follows. Shown in Fig. 2 , a vector Z 2 is defined from the pivot of link 2, O a , to the contact point A between link 2 and link 3 (object) and a vector Z 3 is defined from point A to the center of link 3. On the other side of the mechanism, a vector Z 5 is defined from the pivot of link 4, O b , to the contact point B between link 4 and link 3 and a vector Z 6 is defined from point B to the center of link 3. Vectors Z 1 and Z 4 are two vectors defined from the origin to the pivot of the revolute joints, respectively. Since we are interested in the motion synthesis of the mechanism, a reference vector Z 7 resting on the coupler link, is defined from the center of link 3 to an arbitrary coupler point P 1 on link. Then, vector-loop equations containing the vector on coupler link can be defined by the two independent loop equations as 
where Z i 's are vectors representing the mechanism in its first reference position and R 1 is the first position vector of the coupler point on link 3. After some movement, the jth position vector-loop equations can then be written as
where vector Z i is the jth position of the vector Z i and R j is the jth position vector of the coupler point. By subtracting Eq. (1) from (2), the motion-increment equations can be written as
where the vector δ j is defined as δ j = R j −R 1 , and where φ j , α j , and θ j are the angles of link 2, 3, and 4, respectively, measured with respect to their own reference position. As a result, when the object is manipulated vectors Z 2 and Z 5 will change both direction and magnitude, while vectors Z 3 , Z 6 , and Z 7 change only direction. Therefore, their kinematic relations during the motion must be realized to find the independent design parameters. A free body diagram showing the kinematic relation between Z 2 and Z 2 is depicted in Fig. 3 . Let β j be the angular displacement that the object rolls with respect to link 2 when link 2 rotates an angle φ j . Then the magnitude of vector Z 2 can be obtained from the original magnitude of Z 2 subtracted by the distance that link 3 has rolled on the link 2. This yields
Since vector Z 3 is defined such that it is always perpendicular to Z 2 , the following relations can be obtained: Similarly, Z 7 can be written as
Note that we have introduced the variable β j in Eq. (4). This variable can be further related to the combined motion of link 2 and 3 from the superposition viewpoint. As shown in Fig. 3 , the initial position of link 3 is given by a line marked with an arrow m directing from the center to a designated direction. After some rotation, link 3 is moved to the new position while the mark is moved to m . The angular motion of link 3 as given by the angle between m and m can be obtained as follows. First fix link 3 to link 2 as a whole link and rotate an angle φ j and then roll link 3 an angle β i with respect to link 2. The sum of the above angular displacements will give the resultant angular displacement of link 3. This yields
Substituting Eq. (7) into Eq. (4) to eliminate β j and again back substituting Eqs. (4), (5a) and (5b) into (3a), results in
where A = |Z 3 |/|Z 2 |. Eq. (8a) is the motion-increment vector equation for the left-hand part of the mechanism. Similarly, the motion-increment vector equation for the right-hand part of the mechanism can be derived as
where
+ iZ 7y and δ j = δ j x + iδ j y and deploying the two complex number equations into scalar form, yielding
We summarize that in Eqs. (9a)-(9d), the design parameters are Z 2 , Z 5 , Z 7 , r (|Z 3 |), δ j , φ j , θ j , and α j . By counting the number of design equations versus the number of unknown design variables (Z 2 , Z 5 , Z 7 , φ j and θ j ), we can obtain the set of free choices of design variables of the two-fingered gripping mechanism for motion generation as listed in Table 1 . It can be concluded that the maximum number of positions with free choice of design variables is four. For the mechanism used as function generator, the function-increment equation of the mechanism can be written as
Substituting Eqs. (4), (5a) and (5b) into (10a) and rearranging, yields
Eq. (10b) can be further deployed into two scalar equations as Table 2 also illustrates the number of admissible positions versus the number of free design variables for function generation. It can be observed that the maximum number of positions with free choice of design variables for the function generation is five. It can be also noted that Eqs. (9) and (11) contain the terms φ cos φ and φ sin φ; therefore, the system of equations is transcendental and no closed form solutions can be found. Thus, a numerical method needs to be developed to solve this system of nonlinear equations.
Solution procedure
Many different numerical methods for solving the nonlinear kinematic equations were proposed in the past. A common method is to use the Newton-Raphson method (NRM) to solve nonlinear equations. However, the major disadvantage of this method is that it is sensitive to the starting estimate of the solution, i.e., if the starting estimate is not sufficiently accurate, this method usually does not converge. Further, information about the starting mechanism that can be provided for the kinematic synthesis problem is always little. Another method is to use the optimizationbased technique. The advantage of using the optimization method lies in that the starting vectors need not be very close to the final solution. In addition, the design constraints are easier to be dealt with provided that the problem is formulated in a constrained optimization form [16] [17] [18] . In this work, we shall use the optimization-based algorithm to obtain an optimized mechanism with sufficient accuracy. The methodology is described as follows.
In order to solve Eqs. (9a)-(9d), an initial estimate of the unknown parameters is made. The approximate scalar equations of the motion increment of the mechanism are calculated as
where (dL j x , dL j y ) represents the x and y components of the left-hand motion increment, (dR j x , dR j y ) the x and y components of the right-hand motion increment of the mechanism, and (#) * the approximate value of (#). To obtain the optimal values of the design variables, one can define the objective function as the sum of the squares of the difference between each component of the approximate motion-increment vector (dL j x , dL j y ) and the desired motion-increment vector δ j (δ j x , δ j y ) and the difference between the approximate rotation increment dα j and the desired α j as
where w 1 is a weighting factor for the angular difference. In the meantime, both the approximate left-hand and right-hand motion increments must be compatible, i.e., they are subjected to the equality constraints
The above constraints also imply that the loop closure formed by the vectors in the new position and original position remains closed. The procedure can now be summarized as (i) State the problem as
where dL j x , dL j y , dR j x , and dR j y are given in Eq. (12) and dα j is calculated from the kinematic analysis.
(ii) If necessary, add estimated ranges of the unknown variables to the optimization problem as inequality constraint.
These steps can be expressed as
where c i 's and d i 's are the lower-and upper-bound values. Adding the inequality constraints may allow the optimization algorithm to search in a smaller region, thus resulting in more efficiency than an unconstrained problem. Besides, with specified regions, it is also helpful in identifying multiple solutions.
(iii) Solve the constrained optimization problem by using the optimization algorithm. In this work, the sequential quadratic programming (SQP) algorithm provided by MATLAB optimization toolbox [19] is utilized to solve the problem since it allows us to closely mimic Newton's method for constrained optimization.
Function generation problems
A similar procedure for developing the objective function for function generation can also be obtained. Two typical function generation problems are discussed in this work. One is given the initial angles of input link (φ 1 ) and output link (θ 1 ) while the other is given the fixed distance (D) between the two points O a and O b shown in Fig. 1b . For the first case, two more constraint equations need to be considered, and are defined as
The objective function can be defined as a least-square error:
where (dφ 1 , dθ 1 ) represents the approximate values of φ 1 and θ 1 , and (w 1 , w 2 ) are the weighting factors for the angular difference. Note that the maximum number of positions with free choice of design variables is reduced to three. For the second case, the constraint equation can be obtained in terms of Z 2x , Z 2y , Z 5x , and Z 5y :
where φ 1 and θ 1 are given in Eq. (15). The objective function is then defined as:
where dD represents the approximate value of distance D. Note that the maximum number of positions with free choice of design variables is four. These problems are unconstrained minimization problems; however, they become constrained minimization problem after added the inequality constraints of the unknown variables.
Numerical examples
In this section, four examples have been selected to illustrate the design procedure. To show the effectiveness of numerical algorithm, three-position and four-position synthesis are executed for both motion and function generations. In these examples, all weighting factors are set to be 1 for simplicity. Example 1. Synthesis of three-position motion generation. Fig. 4a depicts the coupler link, a disk with radius r = 28 mm, whose center is to pass three precision points with certain prescribed orientation. Hence, vector Z 7 = 0. The three positions with respect to the reference origin are P 1 = (40, 65), P 2 = (24.5, 57), P 3 = (13.5, 45) while the rotation-increments of the disk are α 2 = 12 • (or 0.2094 rad), α 3 = 28 • (or 0.4887 rad). Thus, the desired motion-increment vectors δ j ( j = 2, 3) are δ 2 = (24.5 − 40) + i(57 − 65) = −15.5 − i8, and δ 3 = (13.5 − 40) + i(45 − 65) = −26.5 − i20.
We assume that the design variables are bounded as −100 ≤ Z 2x , Z 2y , Z 5x , Z 5y ≤ 100, and 0 ≤ all angles ≤ 3. The initial estimates are given somewhat in a trial and error manner. Table 3 lists the initial estimate and optimized solution. Fig. 4b shows the synthesized mechanism associated with the configuration at each precision position. We have also run the optimization problem using different initial estimate and the results are listed in Table 4 for comparison. The synthesized configuration is shown in Fig. 4c . It can be seen that the mechanism will need to change its assembly condition when transiting from position 2 to position 3 as is the branch problem occurred in the kinematic synthesis of hinged four-bar linkage. Example 2. Synthesis of four-position motion generation.
In this example, four-position synthesis is studied. An extra point is added between points P 2 and P 3 in Example 1. The coordinates for the four points are now P 1 (40, 65), P 2 (24.5, 57), P 3 (19, 53) , and P 4 (13.5, 45) 16a) is used and the Quasi-Newton algorithm provided by the MATLAB optimization toolbox is applied to find a more accurate initial value. Then, with the found initial value the Gauss-Newton algorithm provided by the same toolbox is used to find the optimized solution. Table 5 illustrates the initial estimate and optimized solution. Fig. 6 shows the synthesized mechanism associated with the configuration at each precision position. 2618 rad) . We assume that the design variables are subjected to the constraints 2r ≤ |Z 2 |, 2r ≤ |Z 5 |, and 0.5r ≤ (O bx − O ax ). The same optimization algorithm used in Example 1 can be applied to solve the problem. Table 6 shows the initial estimates and optimized solution. The synthesized mechanism associated with the configuration at each precision position is shown in Fig. 7 . 
Discussion
There exist many other numerical methods for solving a system of nonlinear equations. As with most numerical iteration methods, the optimization methodology does not guarantee in finding admissible solutions given a set of initial estimates. This effect implies that many local solutions may exist in the system of equations such that the algorithm is still sensitive in finding the global minima of the optimization in our problem. Nonetheless, the optimization methodology does diminish the burden of guessing the 'right' initial values. In this work, we have also tried two searching algorithms to find proper initial values: general genetic algorithm [20] and cyclic coordinate descent (CCD) method [21, 22] . Our experience shows that the CCD method does not converge as well as the method used in this paper while the general genetic searching algorithm yields no solution most of the time. Despite these, advanced searching algorithms may be worth further exploring. Another advantage of using the optimizationbased method is that adding upper/lower bounds for design variables as inequality constraints is easily treated in the formulation. This characteristic may be helpful if more design constraints, which are derived from engineering view points, are to be imposed in the problem.
Conclusion
In this paper, a methodology for the kinematic synthesis of gripping mechanism with rolling pairs has been developed. Design equations for the mechanism as rigid-body guidance and function generator are derived. It is shown that up to four precision positions of the object can be prescribed for the rigid-body guidance synthesis, and five positions for function generation synthesis. Further, the optimization method for the synthesis is also applied to solve the design equations. Through the above-mentioned four examples, we have successfully shown how to compute the numerical solutions based on the optimization method. It is hopeful that the result of this paper may be useful in the object manipulation planning of the robotic field in the future.
